Let col g (G) be the game coloring number of a given graph G. Define the game coloring number of a family of graphs H as col g (H) := max{col g (G) : G ∈ H}. Let P k be the family of planar graphs of girth at least k. We show that col g (P 7 ) ≤ 5. This result extends a result about the coloring number by Wang and Zhang [10] (col g (P 8 ) ≤ 5). We also show that these bounds are sharp by constructing a graph G where G ∈ col g (P k ) ≥ 5 for each k ≤ 8 such that col g (G) = 5. As a consequence, col g (P k ) = 5 for k = 7, 8.
Introduction
Let G be a simple graph with a vertex set V (G) and an edge set E(G). The coloring game is a two-person game described as follows. Two players, say Alice and Bob, with Alice playing first alternatively colors an uncolored vertex in G with the color from the color set C so that any two adjacent vertices have distinct colors. Alice wins if all vertices are colored. The game chromatic number of G, denoted by χ g (G), is the least cardinality of C in which Alice has a strategy to win the game. The game chromatic number was formally introduced by Bodlaender [1] .
The marking game is also a two-person game. Two players, say Alice and Bob, with Alice playing first alternatively marks an unmarked vertex of G until all vertices are marked. Let b(v) be the number of neighbors of v that are marked before v is marked. The game coloring number of G, denoted by col g (G), is the least s in which Alice has a strategy to obtain b(v) + 1 to be at most s for each vertex v.
The game coloring number was formally introduced by Zhu [12] as a tool to study the game chromatic number. It is easy to see that χ g (G) ≤ col g (G). The best known upper bounds for game chromatic numbers of graphs in various families are obtained from the upper bounds of game coloring numbers.
Let H be a family of graphs. The game chromatic number and the game coloring number of H are defined as χ G (H) := max{χ g (G) : G ∈ H} and col g (H) := max{col g (G) : G ∈ H}.
The game coloring numbers of various families of graphs, especially planar graphs, are widely studied. Let F denote the family of forests, I k denote the family of interval graphs with clique number k, Q denote the family of outerplanar graphs, PT k denote the family of partial k-trees, and P denote the family of planar graphs. It is proved by Faigle et al. [3] that χ g (F ) = col g (F ) = 4, by Faigle et al. [3] and Kierstead and Yang [8] that col g (I k ) = 3k − 2, by Guan and Zhu [4] and Kierstead and Yang [8] that col g (Q) = 7, and by Zhu [13] and Wu and Zhu [11] that col g (PT k ) = 3k + 2 for k ≥ 2.
Combining a lower bound from [11] and an upper bound from [14] gives 11 ≤ col g (P) ≤ 17. Let P k be the family of planar graphs of girth at least k. It is proved by Sekiguchi [9] that col g (P 4 ) ≤ 13, by He et al. [5] that col g (P 5 ) ≤ 8, by Kleitman [6] that col g (P 6 ) ≤ 6, by Wang and Zhang [10] that col g (P 8 ) ≤ 5, and by Borodin et al. [2] that col g (G) ≤ 9 if G is a quadrangle-free planar graph.
In this paper, we show that col g (P 7 ) ≤ 5. This result extends a result about the coloring number by Wang and Zhang [10] . We also show that these bounds are sharp by constructing a graph G where
Essential Tools
For a graph G, let Π(G) be the set of linear orderings of
For a vertex u, we denote the set of neighbors of u in G by N G (u), the set of out-
The subscripts maybe omitted if G or G L is clear from the context. In [7] , Kierstead introduces the activation strategy which gives the bound for col g (G) in terms of the following parameters. 
r(L, G).
3 Upper bounds for the game coloring number of planar graphs with girth at least 7
Theorem 2 If G is a planar graph with girth at least 7, then col g (G) ≤ 5.
Proof. Fix a planar graph embedding of G. It suffices to construct a linear ordering L such that r(L, (G)) ≤ 4 as follows. Initially, we have a set of chosen vertices C := ∅ and a set of unchosen vertices U := V (G). At each stage of the construction, we choose a vertex u ∈ U, and replace U by U = {u} and C by C = C ∪ {u}. Define a linear order L by u < L v if we choose v before u. It is well known that for a planar graph G with girth at least 4, there exists a vertex u with degree at most 3. If C is empty, then choose a vertex of degree at most 3 as u. Suppose that C is not empty. Let H be the graph obtained from G by (i) deleting all edges between vertices in C, (ii) deleting each vertex x ∈ C such that |N G (x)∩ U| ≤ 3, (iii) if x ∈ C and |N G (x) ∩ U| = 2, then we add an edge between two vertices in N G (x) ∩ U, (iv) if x ∈ C and |N G (x) ∩ U| = 3, then we add two new edges between three vertices in N G (x) ∩ U to form a path. Clearly, H is a planar graph. Note that by G has girth at least 4, a new edge in H joins two vertices that are not adjacent in G. Since the girth of G is at least 7, it follows that the girth of H is at least 4.
Note that each v ∈ C has d H (v) ≥ 4. Thus there is a vertex u ∈ U with d H (u) ≤ 3. Choose such u.
Let S := {y ∈ U : uy ∈ E(G)},
Let σ, σ ′ , and α be the cardinalities of S, S ′ , and A, respectively. Then
, and Z 3 = Z ∩ {a}. Then the sets Z i for i = 1, 2, 3 are mutually disjoint but some sets maybe empty.
Clearly 
4 Lower bounds for the game coloring number of planar graphs with girth at most 8 Theorem 3 For 3 ≤ k ≤ 8, there is a planar graph G with girth k such that col g (G) = 5.
As a consequence, col g (P k ) ≥ 5.
Proof. Let H 1 be a hexagon (a cycle of length 6). We construct H n (n ≥ 2) from H n−1 by adding 6(n − 1) hexagon around H n−1 .
Figure 1: H 1 and H 2
We construct G n from H n as follows. For each v ∈ V (H n ), we add a vertex a v and an edge between a v and v. Furthermore, we subdivide each horizontal edge of H n . The resulting graph G n is a planar graph with girth 8. 
v is not incident to the unbounded face of H n },
v is incident to the unbounded face of H n }.
Then we have

|B| = 3n
2 − n, For k ≤ 8, one can see that col g (G n ∪ C k ) = 5. It follows that col g (P k ) ≥ 5.
Corollary 4 col g (G k ) = 5 for k = 7, 8.
Proof. From Theorems 2, 3, and the fact that col g (P 8 ) ≤ 5 [10] , Corollary 4 follows.
